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We explore the prospects for Advanced LIGO to detect gravitational waves from neutron stars and stellar
mass black holes spiraling into intermediate-mass (M ∼ 50M⊙ to 350M⊙) black holes. We estimate an
event rate for such intermediate-mass-ratio inspirals (IMRIs) of up to ∼ 10–30 yr−1. Our numerical
simulations show that if the central body is not a black hole but its metric is stationary, axisymmetric,
reflection symmetric and asymptotically flat then the waves will likely be tri-periodic, as for a black
hole. We report generalizations of a theorem due to Ryan (1995) which suggest that the evolutions of the
waves’ three fundamental frequencies and of the complex amplitudes of their spectral components encode
(in principle) a full map of the central body’s metric, full details of the energy and angular momentum
exchange between the central body and the orbit, and the time-evolving orbital elements. We estimate
that Advanced LIGO can measure or constrain deviations of the central body from a Kerr black hole with
modest but interesting accuracy.
PACS numbers: 04.80.Nn, 04.25.Nx, 04.30.Db, 04.80.Cc
First-generation interferometric gravitational-wave de-
tectors, such as the American LIGO detectors and the
French-Italian VIRGO detector, are now carrying out wave
searches at or near their design sensitivities. Early in the
next decade, Advanced LIGO [1] and its international part-
ners will increase the volume of the universe searched a
thousand-fold or more. The most promising sources of
gravitational waves for this network are the late stages of
inspiral and coalescence of binaries composed of black
holes (BHs) and/or neutron stars (NSs). Current searches
are targeting objects with masses no larger than 40M⊙ —
specifically: NS binaries with masses ∼ 1–3M⊙, BH bi-
naries with masses ∼ 3–40M⊙, and NS-BH binaries with
components in these mass ranges [2, 3].
Evidence from ultra-luminous X-ray sources and from
the dynamics of globular clusters suggests that there ex-
ists a population of intermediate mass black holes (IMBHs)
with masses in the range ∼ 102–104M⊙ [4]. Gravita-
tional waves from the inspiral and coalescence of a NS or
small BH into an IMBH with mass M ∼ 50–350M⊙ will
lie in the frequency band of Advanced LIGO and its part-
ners, and are the subject of this letter. These intermediate-
mass-ratio inspirals (IMRIs) are analogous to the extreme-
mass-ratio inspirals (EMRIs) (solar-mass object spiraling
into ∼ 106M⊙ black hole) targeted by LISA, the planned
space-based gravitational wave observatory [5].
It is useful to entertain the possibility that the central
body of an IMRI (or EMRI) is not a black hole, but some
other type of general relativistic object, e.g. a boson star or
a naked singularity [6]. We can then quantify the accuracy
with which any observed central body has the properties
predicted for a black hole: (i) it obeys the black-hole no-
hair theorem (its spacetime geometry is fully determined
by its mass and spin and has the Kerr-metric form), and
(ii) its tidal coupling (tide-induced transfer of energy and
angular momentum between orbit and body) agrees with
black-hole predictions. We can also search for other types
of objects which could lead to a very unexpected discovery.
The purpose of this letter is to report on our initial explo-
rations of the prospects for Advanced LIGO to detect the
gravitational waves from IMRIs and use them to probe the
properties of the IMRIs’ central bodies. We report on: (i)
estimates of the event rates for IMRIs in Advanced LIGO,
(ii) estimates of the efficacy of gravitational-wave template
families that could be used in searches for IMRI waves, (iii)
explorations of the character of the IMRI and EMRI waves
when the central body is not a black hole, (iv) generaliza-
tions of a theorem due to Ryan concerning the information
about the central body carried by IMRI and EMRI waves,
and (v) estimates of the accuracies with which this infor-
mation can be extracted by Advanced LIGO from IMRI
waves.
Event Rates for IMRIs assuming the central body is an
IMBH. Core-collapsed globular clusters are the most likely
locations for IMRIs, since they may contain IMBHs and a
significant number of stellar mass BHs and NSs [4]. Nu-
merical simulations show it is plausible to grow IMBHs
with masses up to Mmax ∼ 350M⊙ through a series of
mergers in the core of a cluster [7]. Phinney [8] suggests
estimating an upper limit on the IMRI rate in globular clus-
ters as follows: assume each cluster has a black hole that
grows from∼ 50M⊙ to∼ 350M⊙ by capturing objects of
massm in 1010 years. Core-collapsed clusters have a space
density of 0.7 Mpc−3, which gives an estimated IMRI rate
of ∼ 0.7× (300M⊙/m)× 10−10 Mpc−3yr−1.
Although the above rate is largest for small values of
m, larger m will yield stronger gravitational waves and
thus increase the detection rate. A kick velocity above
50 km/s will eject the merged black hole from the clus-
ter, which places an upper limit on m of m/M <∼ 0.08
(the kick velocity depends on the symmetric mass ratio
η = mM/(m +M)2 as Vkick ≈ 12000η2
√
1− 4η(1 −
20.93η) km/s [9]). Moreover, black holes with masses
m >∼ 10M⊙ will likely merge with the IMBH or be ejected
from the core in under 1010 years. This means that NS–
IMBH inspirals will likely dominate in old globular clus-
ters (i.e., the ones visible to Advanced LIGO.) We (Mandel,
Brown, Gair & Miller [10]) estimate that for low IMBH
spins χ = spin angular momentum/M2 <∼ 0.3, the dis-
tance R in Mpc to which a network of three Advanced
LIGO detectors could see IMRIs at a network signal-to-
noise ratio (SNR) of 8 is




1100 − 630(M/100M⊙) + 100(M/100M⊙)2
]
.
(For IMBH grown by mergers, typical spins will be χ ∼√
m/M ∼ 0.1, with few if any above ∼ 0.4.) This leads
to an upper limit, independent of cluster model, of ∼ 10–
30 IMRI detections per year in Advanced LIGO. The rate
may be a factor of ∼ 10 lower, if we include a more real-
istic model of cluster dynamics [10]. For Initial LIGO the
rate is substantially reduced, due both to worse sensitivity
at the minimum of the noise curve and lack of sensitivity
below 40 Hz, reducing Mmax to <∼ 100M⊙. We estimate
the IMRI rate in the current detectors to be<∼ 1/1000 yr−1.
Search Templates for IMRI Waves, again assuming
the central body is an IMBH. To search for IMRI signals
with matched filtering requires templates of sufficient ac-
curacy that the mismatch between the template and signal
does not cause a large loss in event rate. The most accu-
rate IMRI templates currently available are computed us-
ing black-hole perturbation theory by numerical solution
of the Teukolsky equation [11]. Standard post-Newtonian
(PN) templates [12, 13] and analytic, PN approximations to
Teukolsky waveforms [14] are inadequate because IMRIs
enter the detector frequency band when the binary separa-
tion is r <∼ 15M where the PN expansion is poor.
Inspiral waveforms based on black-hole perturbation
theory are currently known only to first order in the sym-
metric mass ratio η plus O(η2) in radiation reaction, so
it is important to determine the effect of conservative fi-
nite mass ratio corrections O(η2) (sometimes called “non-
dissipative self-force effects”.) The tools to study these
are not yet fully in hand, so we have estimated them in
the PN approximation. Specifically, we (Brown [15]) have
computed the mismatch between restricted PN stationary-
phase templates that contain all known η terms, and the
same templates linearized in η plus O(η2) radiation re-
action. Mismatches were computed using the Advanced
LIGO noise curve with the signal cut off at the IMRI’s in-
nermost stable circular orbit; they represent the fractional
loss of SNR due to using templates linearized in η, but
keeping O(η2) radiation reaction. At each PN order be-
tween 1.0 and 3.5 inclusive, we compute the mismatch be-
tween standard PN and η-linearized PN waveforms. For
a 1.4M⊙ NS–100M⊙ IMBH IMRI, we find that the mis-
match is<∼ 30% forχ < 0.8, and<∼ 15% forχ < 0.3. For
IMRIs with a larger IMBH mass, the mismatch decreases,
as expected. If we allow the linearized PN waveforms to
have intrinsic parameters that differ from those of the fully
nonlinear PN waveforms, and minimize the mismatch over
these parameters, the mismatch falls to less than 10% in all
except the most rapidly spinning cases [15]. Therefore, it
is reasonable to expect that the Teukolsky waveforms will
lose no more than 10% of the SNR due to linearization in η
(corresponding to no more than a 30% loss of event rate).
For detection, it will be worthwhile, but not essential to
improve the Teukolsky waveforms by incorporating non-
linear corrections. For accurate parameter measurement,
however, improvement will be necessary.
IMRI and EMRI Orbits and Waves: Tri-periodic
vs. Ergodic. Here we entertain the possibility that the
central body is not a black hole; but we assume its exter-
nal spacetime geometry is Stationary, Axially symmetric,
Reflection Symmetric in an equatorial plane, and Asymp-
totically Flat (SARSAF), with metric in the standard form
ds2 = −α2dt2+̟2(dφ−ωdt)2+ gθθdθ2+ grrdr2 and
all metric coefficients independent of the Killing time t and
axial angle φ. If the spacetime initially is not axisymmet-
ric then rotation will make it non-stationary; gravitational-
wave emission presumably will then drive it to station-
arity and axisymmetry on an astrophysically small time-
scale; and almost all stationary, axially symmetric, self-
gravitating objects that have been studied theoretically or
observed in nature are reflection symmetric. Hence our
SARSAF assumption.
A SARSAF solution to the vacuum Einstein equations
is determined uniquely by two families of scalar multipole
moments: mass moments M0 ≡M , M2 (mass quadrupole
moment), M4, . . . ; and current moments S1 (spin angu-
lar momentum), S3, S5, . . . [16]. For the Kerr metric (de-
scribing astrophysical black holes), the moments are fully
determined by the mass M and dimensionless angular mo-
mentum χ ≡ S1/M2 via Mℓ + iSℓ = M l+1(iχ)ℓ; this
is the no-hair theorem. LISA seeks to measure as many
moments as possible, via EMRI waves, and determine the
accuracy with which each moment satisfies this Kerr for-
mula; Advanced LIGO can do the same for IMRIs.
For EMRIs and IMRIs, the orbiting object moves along
an orbit that is nearly a geodesic; gravitational radiation re-
action drives it slowly from one geodesic to another. If the
central body is a Kerr black hole, then: (i) each geodesic
has three isolating integrals of the motion: energy E, ax-
ial component of angular momentum Lz, and Carter con-
stant Q (and also a fourth, “trivial” isolating integral, the
length of the orbit’s tangent vector, which we do not count);
(ii) the emitted gravitational waves are tri-periodic with
hµν = ℜ∑Pkmn hµνPkmnei(kΩθ+mΩφ+nΩr)t [17]. Here
P = +,× is the polarization, and the three principal fre-
quencies Ωθ, Ωφ, Ωr, in a precise but subtle sense, are as-
sociated with the orbital motion in the polar (θ), azimuthal
(φ) and radial (r) directions. The fundamental frequencies
and complex amplitudes evolve with time as radiation re-
3action drives the orbit through a sequence of geodesics.
If the third integral of motion (the Carter constant) is
lost in SARSAF spacetimes, motion may be ergodic rather
than multi-periodic, which would make detection of the
gravitational waves difficult. Numerical explorations show
that in some cases, geodesics appear ergodic, i.e., lack a
third integral: Gue´ron and Letelier [18] have used Poincare
maps to search for ergodic geodesics in the static (Sℓ = 0)
Erez-Rosen metric and we (Gair, Li, Lovelace, Mandel &
Fang [19]) have carried out similar studies for a variant of
the stationary (Sℓ 6= 0) Manko-Novikov metric [20]. Both
of these metrics have arbitrary mass quadrupole moment
M2, and higher order moments fixed by M2, S1 and M .
The Poincare maps in these spacetimes reveal no sign of
ergodic geodesics when M2 < 0 (oblate spacetimes). In
some set of prolate spacetimes (M2 > 0) both with spin
(Manko-Novikov) and without (Erez-Rosen), there are er-
godic geodesics at very small radii r ∼ fewM , but none at
large radii. We find, however, that radiation reaction from
gravitational wave emission drives the evolution of energy
and angular momentum in a way that makes it unlikely er-
godic geodesics could be encountered in the course of an
inspiral [19]. For the non-ergodic geodesics, the spatial co-
ordinates are multi-periodic functions of Killing time t to a
numerical accuracy of 10−7, and a general argument [21]
based on the structure of the gravitational propagator shows
that their gravitational waves will have the same kind of tri-
periodic form as for Kerr black holes.
Information Carried by IMRI and EMRI Waves:
Generalizing Ryan’s Theorem. What information about
the central body is encoded in the waveforms? We shall
assume the waveforms to be tri-periodic in our discussion.
In principle, a large amount of information can be encoded
in the time evolution of the waves’ three fundamental fre-
quencies Ωθ(t), Ωφ(t), Ωr(t) and their complex ampli-
tudes hPkmn(t) (for integer values of l,m, n). It has been
speculated that these encode, fully and separably, the val-
ues of all the central body’s multipole moments {Mℓ, Sℓ}
and thence its metric [22], the rates at which the orbiting
object’s tidal pull deposits energy and angular momentum
into the central body, E˙body and L˙body (tidal coupling)
[23], and the orbit’s semi-latus rectum p(t), eccentricity
e(t) and inclination angle ι(t) (which carry the same in-
formation as the isolating integrals) [21, 24]. That this
might be so is suggested by a special case that Ryan [22]
has studied. A trivial extension of Ryan’s theorem [21, 24]
leads to the following algorithm for extracting information
from the waves. Observe the time-evolving modulation
frequencies as functions of the time-evolving fundamen-
tal frequency f = Ωφ/π. From this, deduce the func-
tions ΩA(Ωφ) and thence ΩA(v) for A = θ, r; expand
in powers of v ≡ (MΩφ)1/3 ≃ (orbital velocity); and
read out the moments (redundantly) from the two expan-
sions. Then, knowing the moments and thence the metric,
use the geodesic equation to deduce p(t) from Ωφ(t) and
use wave-generation theory to deduce e(t) and ι(t) from
particular modulation amplitudes, hPkmn(t).
We have generalized Ryan’s theorem to strongly ellip-
tical but nearly equatorial orbits (Li [21]), and to include
tidal coupling (Li and Lovelace [24]), and are working on
further generalizations. For strongly elliptical but nearly
equatorial orbits the three fundamental frequencies are in-
dependent of ι at first order. We expand these frequencies
ΩA(Mℓ, Sℓ, e, p) (with A = θ, φ, r) in powers of 1/p,
with coefficients that depend on e and the moments. Sup-
pose we observe a series of 2N +1 values of (Ωθ,Ωφ,Ωr)
(for any integer N ) during the course of an inspiral. This
gives us 6N + 3 numbers, from which we can read off
(via an algorithm based on our expansions of the funda-
mental frequencies [21]): (i) the time evolution of e(t) and
p(t) (2N + 1 values of each), (ii) the lowest N + 1 mass
moments, and (iii) the lowest N current moments. By ob-
serving the evolving amplitude of the orbital-precession-
induced modulation encoded in hPkmn, we can recover the
time evolution of ι. Hence, in principle, we have a full
description of the spacetime. In practice the methods of
extracting the information are likely to be quite different
from these algorithms. Development of practical methods
is a topic of our current research.
In the absence of tidal coupling Ryan has shown for
a nearly circular, nearly equatorial orbit that the central
body’s moments are encoded not only in the waves’ modu-
lations, but also in the phase evolution of the waves’ domi-
nant harmonic f = Ωφ/π. We have extended this analysis
to deduce the power being deposited in the central body
by tidal coupling, E˙body [24]. We assume the moments
and metric have been deduced from the precessional mod-
ulations and then use deviations from the Ryan-theorem
phase evolution to deduce E˙body. Following Ryan, we
quantify the waves’ phase evolution by ∆N(t) ≡ f 2/f˙ =
d(number of wave cycles)/d ln f . From this definition




quantities on the right side can be deduced from obser-
vation plus the geodesic equation (for (dEorb/dΩφ), and
thence we can deduce E˙orb. From the deduced metric
and the frequency f(t) we can compute the power radi-
ated to infinity E˙∞; and thence by energy conservation we
can deduce the power being deposited in the central body
E˙body = −E˙orb− E˙∞ [24]. We can also infer the angular
momentum transferred tidally to the central body, L˙body,
via L˙body = E˙body/Ωφ (valid for nearly circular orbits).
The above argument assumes that we can compute E˙∞
without knowing the boundary conditions of the inspiral-
induced metric perturbation at the central body, since we do
not know the nature of the central body a priori. For highly
compact central bodies (those deep inside the perturbing
field’s “effective potential”) this is true to high but not com-
plete accuracy. The effect of boundary conditions at the
4central body on the inspiral phase evolution is communi-
cated outward to infinity mainly at low frequencies (the
orbital frequency and its low-order harmonics), and these
perturbations have great difficulty penetrating through the
effective potential. If the spacetime metric is Kerr, we have
shown that the influence of the inner boundary condition
on the energy radiated to infinity is δE˙∞ ∼ v10E˙∞ [24]—
five orders smaller in the linear velocity v than the tidal
coupling E˙body ∼ v5E˙∞ [25]. Thus, to high accuracy we
can deduce E˙∞ and thence E˙body from observations, with-
out knowing the body’s precise nature.
Measurement Accuracies for Advanced LIGO. We
have estimated the accuracy with which Advanced LIGO,
via IMRI waves, can constrain deviations of the central
body’s quadrupole moment M2 (Brown [15]) and its tidal
coupling E˙body (Fang [26]) from those of a Kerr black
hole. In the absence of accurate waveforms, we used PN
waveforms as both signals and templates. This may intro-
duce systematic error, but we believe our results are in-
dicative of the accuracies Advanced LIGO can achieve.
Our source is the circular inspiral of a neutron star into a
100M⊙ IMBH (under the assumption that radiation reac-
tion has circularized the orbit [10]). The orbit is inclined to
the hole’s equatorial plane, to produce a modulation that is
crucial for breaking degeneracy between the IMBH spin χ
and the parameters M2 and E˙body.
To investigate M2, we begin with templates accurate
to 3.5PN order in phase evolution [13] and 1.5PN in
spin-orbit coupling [12], add the effects of quadrupole-
monopole interaction [27] to both the phase and the pre-
cessional modulation and use use numerical simulation to
map the ambiguity function of these waveforms. For a NS–
IMBH IMRI (M2 = −χ2M3) with spin χ = 0.8 and SNR
∼ 10, we find that Advanced LIGO can typically measure
∆ lnM ∼ 0.006,∆ ln χ ∼ 0.02, and ∆ lnM2 ∼ 0.6.
If the IMBH spin is χ = 0.3, the error increases to
∆ lnM ∼ 0.01,∆ ln χ ∼ 0.3, and ∆ lnM2 ∼ 2. The
accuracy of measurement depends strongly on binary ori-
entation; larger precessional modulation increases the ac-
curacy [15].
To investigate tidal coupling, we model it as E˙body ≡
ǫ E˙BH. Here E˙BH is the energy flow into a Kerr black
hole [25], and we seek to measure deviations from it pa-
rameterized by ǫ. We construct precessing waveforms [28],
with the orbital inspiral phase given by the 3.5 PN approx-
imation of the Teukolsky waveforms [14], and modulation
linearized in inclination angle [29]. We restrict inclination
angles to ι < π/4, fix the direction to the source and the
central body’s spin orientation, and use the Fisher matrix to
estimate parameter measurement accuracies. If the central
body is a black hole, then at SNR= 10 and spin χ = 0.8
we can measure ǫ to ∆ ln ǫ ∼ 1 to 2. For spin χ = 0.3,
the error increases to ∆ ln ǫ ∼ 30.
While these errors are larger than we woud like, (i) the
quadrupole moment |M2| of a boson star with χ = 0.3 is
expected to be in the range 15 to 100χ2M3 [6], so Ad-
vanced LIGO could readily identify such a central body;
and (ii) for small spins E˙BH ≃ − 14χv5E˙∞, and hence
for χ = 0.3, the accuracy of measuring tidal coupling is
∆E˙body ∼ 30 × 0.001 E˙∞ , i.e. 3% of of the power ra-
diated to infinity, an interesting accuracy for central bodies
with anomalously large E˙body.
These results suggest that Advanced LIGO will be able
to verify with interesting accuracy that a source’s proper-
ties are in accord with those of a Kerr black hole, and per-
form interesting searches for non-Kerr central bodies. Al-
though Advanced LIGO’s accuracies for probing the cen-
tral body are far worse than LISA’s (as expected, since
there are a thousand-fold fewer wave cycles), Advanced
LIGO is likely to be operational some years before LISA.
Its studies of central bodies will be a valuable precursor to
LISA’s EMRI science, and might possibly yield a big sur-
prise.
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